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1. INTRODUCTION

Let F{X,Y¥) be a binary form with at least three
distinct linear factors over E. Let pqg; +--, Py be fixed

distinct prime numbers. The diophantine equation

s n,
F(X,Y) =+ 1§ p.
- 1
i=1
in the wvariables X, YE€Z, N1, ..., n ENO, with
(X,¥) = 1, is known as a Thue-Mahler equation. It was

proved by Mahler [1933] that this egquation has only
finitely many solutions, and by Sprindzuk and Vinogradov
11968] and Coates [1969], [1970] that all the solution
can, at least in principle, be determined effectively,
since an effectively computable upper bound for the
variables can be derived from the p-adic theory of linear
forms in logarithms. For the history of this equation we

refer to Shorey and Tijdeman [192861, Chapter 7.

It is the purpose of this paper to show that it is
possible to solve Thue-Mahler eguations, not only in
principle, but in practice, by reducing the above
mentioned upper bounds considerably. This is done by a
combination of real and p-adic computational diophantine
approximation technigues, hased on the Lsualgorithm for

reducing bases of lattices (c¢f. Lenstra, Lenstra and
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Lovasz [1982], and for an integral version de Weger
[1987%]). The method can be considered as a p-adic
analogue of the method for solving Thue equations, on
which Tzanakis [1987] reports. For a more general
treatment of the application of the Lz—algorithm to
solving diophantine equations, see de Weger [1987b],

especially Chapter 3.

A similar idea, but without using the L3~algorithm, was
used by Agrawal, Coates, Hunt and van der Poorten
[1980], who determined all solutions of the equation

3

x* - x*®

- Y+ X - YT+ ¥ =4 10,

This is, to the author’s knowledge, one of the only two
examples in the literature where a Thue-Mahler eguation

has been solved completely, the other one being

x* +3 . ¢* =20

which was solved by Tzanakis [1984] by a different method.
It is an example of the simplest kind, in view of the
fact that the cubic field Q(8), where 8 is a root of
#(x,1} = 0, has only one fundamental unit, and there
occurs only one prime. Therefore it was sufficient to
use two-dimensional real continued fractions and one- 7

dimensional p-adic continued fractions, in stead of the
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more complicated L®~algorithm (which was not yet
available at the time). We now extend the method to the
situation where there are more than one fundamental
units, and more than one primes, thus to the general
situation. Then the L>-algorithm becomes very useful.
{However, a mare or less technical problem will show up
for forms of large degree, "that has not yet been solved).
In this paper we only give an outline of the method. In
a paper to be published. Tzanakis and the present author
have used the method of this paper to solve the Thue-

Mahler equation

X® - 3.%X.¥% - ¥2 = + 301, 1772 . 1973,

Here, two fundamental units and three primes are involved,
Note that if (%o, Yo) is a solution, then so is
{~¥o,Xo+¥s ). Thus solutions come in six-tuples, of which
exactly one satisfies X > 0 and Y 2 0. It turns out that
there are 26 such solutions, all satisfying X < 896,

Y5379,n1£1,n2$3,n355.

2. UPPER BOUNDS

In this section we give a short account of the
classical arguménts for dexiving upper bounds for the

solutions of a Thue-Mahler equation. Any Thue-Mahler
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equation reduces in a routine manner to a finite number

of eguations of the type
(1) 51'51_1=62‘521

where §4, 6z are algebraic constants, andlsq, Bz are of

the form
X-Y . 4
X - ¥ - 8" "'
where 9, 0" are conjugates of the root & of Fix,1) = 0.

From the Thue-Mahler equation it follows that there
exist algebraic units €45 ev.s €y and algebraic constants

closely

Oy Tis seeg ﬁt, and rational integers Vi, ..., Vo

related €O N4y «-.s n_y such that B4, B2z are of the type

the prime sign indieating a proper conjugate, and the a,

being rational integers. For a given solution (X,Y¥Y,NR1,e..,
...,ns) of the Thue-Mahler equation and for a given index
i€ {1,...,8} these conjugates can be taken in such a way
that (suppeosing that n; is large enough)

ordpi (B1) = C1, ordpi(Bz) =cz tC3 ' ny,

where cq1, Ca2, Ca are small constants. Put

A= maxiaii, N = max(ni}, H = maxia, NJ.
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The theory of p-~adic linear forms in logarithms (see
e.g. Yu [1987]) provides an explicit constant C4 such

that

ord {84 - B4 — 1) < Cqy * log H .
Py

It follows that a constant Cz such that

N < Cy = log H

can be computed explicitly. It will be very large in

practice (even for a Thue-Mahler equation of low degree

30y,

it may be as large as 10 Put

Vg
L .
73

fe
|
o= ey

3
Then |loglull < ¢4 - N < Cs *+ log H. Suppose that A is

large enough. Then, since B:, Bz have the form

the conjugates can be taken such that Bz is close to 0,

namely
Bzl < cs + 'l - exp(-ce * A)

for small constants c¢s, Cs. The theory of real linear
forms in logarithms (see e.g. Waldschmidt [1980])

provides an explicit (large) constant Ca such that
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{61 = B4 =11 > exp(~Cys * log A).

Combining all the estimates it follows that H is bounded

by an explicit constant Co.

3. REDUCING UPPER BOUNDS

Above we derived an upper bound Co for H, using an
interplay between p-adic and real arguments. We now
show, again combining p-adic and real arguments, and
using a computer, how this upper bound Co can be reduced
to an upper bound for H of the size of log Cqy. See also

de Weger [1987b], Chapter 3.

Our computational tool is the Ls—algorithm, that is
capable of finding good lower bounds for the length of
the shortest nonzero vector in a given lattice ', and
for the distance of a given point to the nearest lattice

point. These lower bounds are expected to be of the sizge

det(r)t/dim(T)
Write
r a, £t v,
B4 = 4§ - II E.l N O P
i=1 *  §=1

We assume that we know the numbers §, Iy Hj explicitly,

and that we can compute their complex and p-adic values
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to arbitrary (but finite) precision.

First we make a p-adic step. Put for a fixed prime

p € {pq,---,ps}

il

Tree.,t,

=
il

- logp(si)/logp(ﬁt) for i

T - logp(ﬁj)/logp(ﬂt) for 3 = 1,...,t=1,

3

$ = logp(é)/logp(nt) .

We assume that these numbexrs ni, 1., ¥ are in Qp' and

3
not in some algebraic extension. This is in general not
obvious, but it can be proved in the cases where the
degree of the binary form F{(X,Y) is not larger than 4.
(This is the unsolved problem announced in the introduc-
tionfﬂ_Further, we may assume without further loss of
generality that they are even in Z_. For any p-adic

(m)

integer vy and for any m €MNo we denote by vy the unigue

rational integer such that

Ty o= Y(m) {mod pm), 0 = Y(m) < pm - 1.

We now define the lattice I‘m by the matrix

#)

Note added in proof: This problem is solved now, due
to J.-H. Evertse,
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A ) ()

where the column vectors of the matrix are the basis

vectors of Fm. Here we take m large enough, such that

Pm is of the size C§+t. Then the distance of the point

e O

(=

to the nearest lattice point can be bounded from below,
from the result of the L®-algorithm (cf. de Weger
[1987b], Section 3.4). It will, in a typical situation,
be at least ¢y +« Co for a suitable constant c- (small

? compared to Cg¢}. IE Cy is not large enough, one should

: try with a larger value of m. For a solution a4, ..., a.r

Viaseear Vo of (1) it follows easily that if ordé(61-61-1)2

amhmfk(logp(ﬂt)) then
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Now ordp(61 B -1) =c¢c, + ¢

. 5 a * Dy where i 1s the index
such that p = ;- This contradicts the upper bound C,.

Hence

n, <mfcas + {ordp(logp(ﬂt)) - cz)/ca

which is only of size log C,. We repeat this procedure

for all p = Pyre-«rPgys and find a reduced upper bound N,

for N, of size log Co-

Next we make a real step. Choose a constant C of size

ot .ot

a or large enough. Put

n, = EC-lOglai[] for i =1, wau, T ,
Ty = EC-logleI] for j =1, oo, £,
¢ = - [C:logl8§|] .

Define the lattice T by the matrix
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Co/Ng
. o
0 Cu./N, .
i
"4
Ti eee Te M1 ewe N ; n,
- d

and suppose that C is so large that the distance from

the fixed point

[

134
[
L& O ees

to the nearest lattice point is at least cg + C, for a
small constant c,, following from the Ls—algorithm. It
follows that (84 « B4 = 1] > ¢cg - Co/C for a small

constant cgz. By the upper bounds for 821 and lloglulli

a reduced bound for A follows, which is of size log C,.

We now may repeat the whole procedure, with the bound Ce

replaced by the new, reduced upper bound for H, that is

of size Cp, until no further improvement is reached. Then

we can check all remaining possibilities, for example by
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using the fact that for a solution of the Thue-Mahler
equation, the gquotient X/Y must be near to one of the
conjugates of the root & (in the p-adic sense). We also
may use some more subtle techniques using'approximation
lattices, such as the Fincke and Pohst algorithm (cf.

de Weger (198721, [1987b]).

We expect that it is possible in this way to solve
completely any Thue-Mahler eguation of small degree

within a few minutes of computer rime.
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